The Ricci form is a moment map for the action of the group of exact volume preserving diffeomorphisms on the space of almost complex structures. This observation yields a new approach to the WeilPetersson symplectic form on the Teichmüller space of isotopy classes of complex structures with real first Chern class zero and nonempty Kähler cone.
Introduction
This paper is based on a remark by Simon Donaldson. The remark is that the space of linear complex structures on R 2n can be viewed as a co-adjoint SL(2n, R)-orbit and hence is equipped with a canonical symplectic form and a Hamiltonian SL(2n, R)-action. Thus, for any volume form ρ on a closed oriented 2n-manifold M, the space J (M) of almost complex structures on M that induce the same orientation as ρ carries a natural symplectic structure. Following [12] , one can then deduce that the action of the group Diff ex (M, ρ) of exact volume preserving diffeomorphisms on the space J (M) is a Hamiltonian group action with the Ricci form as a moment map. In the integrable case this picture yields a new approach to the Weil-Petersson symplectic form on the Teichmüller space of isotopy classes of complex structures with real first Chern class zero and nonempty Kähler cone. Here are the details.
Fix a closed oriented 2n-manifold M and a positive volume form ρ and denote by J (M) the space of almost complex structures compatible with the orientation. This space is equipped with a natural symplectic form
The proof of Theorem A is based on the aforementioned observation that the space of linear complex structures is a co-adjoint SL(2n, R)-orbit. Theorem A can then be derived from a general result of Donaldson [12] about the action of the group Diff ex (M, ρ) on a suitable space of sections of a fibration over M. In Section 2 we give a direct proof which does not rely on [12] . Equation (1.2) extends to an identity that holds for all vector fields v. This identity takes the form whenever ω is a symplecic form with ω n /n! = ρ, J is an ω-compatible almost complex structure, and ∇ is the Levi-Civita connection of the Riemannian metric ·, · := ω(·, J·) (see part (vii) of Theorem 2.6). In the integrable nonKähler case one can choose the torsion-free ρ-connection ∇ such that ∇J = 0 (see Lemma A.1) and then one obtains the familiar formula Ric ρ,J = 1 2 trace(JR ∇ ).
Theorem B (The Integrable Case). Assume J is integrable and fix a positive volume form ρ. Then there exists a diffeomorphism φ ∈ Diff 0 (M) such that Ric ρ,φ * J = 0 if and only if the first Bott-Chern class of (T M, J) vanishes. Moreover, if Ric ρ,J = Ric ρ,φ * J = 0 for some orientation preserving diffeomorphism φ then φ * ρ = ρ. Also, for any vector field v ∈ Vect(M) the 1-form Λ ρ (J, L v J) ∈ Ω 1 (M) is given by
The Ricci form Linear complex structures
The standard orientation of R 2n with the coordinates x 1 , . . . , x n , y 1 , . . . , y n is determined by the volume form dx 1 ∧ dy 1 ∧ · · · ∧ dx n ∧ dy n . The space of linear complex structures on R 2n compatible with the orientation is given by J n = gJ 0 g −1 g ∈ SL(2n, R) ,
This is a co-adjoint orbit equipped with a Hamiltonian SL(2n, R)-action. Abbreviate G := SL(2n, R) and g := Lie(G) = sl(2n, R) and note that J n ⊂ g.
Lemma 2.1. The set J n ⊂ R 2n×2n is a connected 2n 2 -dimensional submanifold and its tangent space at J ∈ J n is given by
2)
The formula J → −J J defines a complex structure on J n and the formula for ξ i ∈ g and J i := [ξ i , J] defines a symplectic form τ ∈ Ω 2 (J n ). The Gaction G × J n → J n : (g, J) → gJg −1 is Hamiltonian and is generated by the G-equivariant moment map µ : J n → g given by µ(J) = −J for J ∈ J n . Proof. The set H := {h ∈ SL(2n, R) | hJ 0 = J 0 h} is a Lie subgroup of G and is isomorphic to the group of complex n × n-matrices with determinant in the unit circle. So dim H = 2n 2 − 1 and dim G = 4n 2 − 1 and thus the homogeneous space G/H is a manifold of dimension 2n
2 . Since G is connected, so is G/H. Next we claim that the map G → R 2n×2n : g → gJ 0 g k [e 1 · · · e n J k e 1 · · · J k e n ], where the vectors e 1 , . . . , e n ∈ R 2n form the standard basis of R n × {0}. Then h k ∈ H for all k and lim k→∞ g k h k = 1l. This shows that the map ι : G/H → R 2n×2n is a proper injective immersion. Hence its image J n = ι(G/H) is a connected 2n
2 -dimensional submanifold of R 2n×2n . Now let J ∈ J n . Then gJg −1 ∈ J n for all g ∈ G and so [ξ, J] ∈ T J J n for all ξ ∈ g. Thus {[ξ, J] | ξ ∈ g} ⊂ T J J n ⊂ { J ∈ R 2n×2n | JJ + J J = 0}. Since all three spaces have dimension 2n
2 , equality holds and this proves (2.2). The formula (2.3) follows by direct calculation. To show that the 2-form τ in (2. The map J n → g : J → µ(J) := −J is a moment map for the G-action because τ J ([ξ, J], J) = −trace(ξ J) = trace((dµ(J) J)ξ) for J ∈ J n , J ∈ T J J n , and ξ ∈ g. This proves Lemma 2.1. 
This is a complex submanifold of J n of real dimension n 2 + n and the symplectic form (2.3) restricts to a Kähler form on J n,0 . The symplectic linear group Sp(2n) acts on J n,0 by Kähler isometries and a moment map µ : J n,0 → sp(2n) for this action is again given by µ(J) = −J .
Remark 2.4. The group Sp(2n) acts on Siegel upper half space S n ⊂ C n×n of symmetric matrices with positive definite imaginary part via
for g ∈ Sp(2n) and Z ∈ S n . There is a unique Sp(2n)-equivariant diffeomorphism from S n to J n,0 that sends i1l ∈ S n to J 0 ∈ J n,0 . It is given by
This diffeomorphism is a Kähler isometry with respect to the Kähler metric on S n given by
Ricci form
By Lemma 2.1 the space J n fits as a fiber into the general framework developed by Donaldson [12] . Starting from this observation we will show that the action of the group of exact volume preserving diffeomorphisms on the space of almost complex structures is a Hamiltonian group action with twice the Ricci form as a moment map. Let M be a closed oriented 2n-manifold. Assume M admits an almost complex structure compatible with the orientation and denote the space of such almost complex structures by
Thus J (M) is the space of sections of a bundle each of whose fibers is equipped with a natural symplectic form by Lemma 2.1. It can be viewed formally as an infinite-dimensional manifold whose tangent space at J is the space
for J ∈ J (M) and J 1 , J 2 ∈ T J J (M). The group G = Diff(M, ρ) of volume preserving diffeomorphisms acts on J (M) contravariantly by J → φ * J for φ ∈ G and J ∈ J (M). This action preserves the symplectic form Ω ρ . Definition 2.5 (Ricci Form). Fix a torsion-free ρ-connection ∇ on M and an almost complex structure J ∈ J (M). The Ricci form of the pair (ρ, J) is the 2-form Ric ρ,J ∈ Ω 2 (M) defined by
The next theorem is the main result of this section. It asserts that the action of the subgroup
there exists a smooth isotopy [0, 1] × Diff(M) : t → φ t and a smooth family of vector fields
ρ is exact for all t and ∂ t φ t = v t • φ t for all t and φ 0 = id and
of exact volume preserving diffeomorphisms on J (M) is a Hamiltonian group action and is generated by the G -equivariant moment map which assigns to each J ∈ J (M) twice the Ricci form Ric ρ,J . The moment map must take values in the dual space of the Lie algebra
Thus Vect ex (M, ρ) can be identified with the quotient of the space Ω 2n−2 (M) by the space of closed (2n − 2)-forms on M. Its dual space can be viewed formally as the space of exact 2-forms on M, in that every exact 2-form τ on M determines a linear functional
With this understood, equation (2.14) in the following theorem is the assertion that the map J → 2Ric ρ,J is a moment map for the action of G ex on J (M). In general, however, the Ricci form is only closed and not exact; only its differential in the direction of an infinitesimal almost complex structure is always exact. Thus the map J → 2Ric ρ,J is only a moment in the strict sense of the word when restricted to the space of almost complex structures with real first Chern class zero. One could attempt to rectify this situation by subtracting a closed 2-form in the appropriate cohomology class from the Ricci form, however such a modification would destroy the G ex -equivariance of the moment map unless M has real dimension two. (i) The Ricci form Ric ρ,J and the 1-form Λ ρ (J, J) are independent of the choice of the torsion-free ρ-connection ∇ used to define them. Moreover,
(ii) Every vector field v ∈ Vect(M) satisfies the equation 
(v) The Ricci form and the 1-form Λ ρ (J, J) satisfy the naturality condition
be a nondegenerate 2-form compatible with J such that ω n /n! = ρ, let ∇ be the Levi-Civita connection of the Riemannian metric ·, · = ω(·, J·), and define ∇ := ∇ − 1 2 J∇J. Then ∇ preserves ρ, J, and the metric, and the Ricci form of (ρ, J) is given by
Thus Ric ρ,J is closed and represents the cohomology class 2πc 1 (T M, J). Proof. We prove (i) and (ii). Choose a smooth path R → Ω 2n (M) : t → ρ t of positive volume forms and a smooth path of torsion-free connections ∇ t on T M such that ∇ t ρ t = 0 for all t ∈ R. Define
Then the endomorphism valued 1-form
for all u, v ∈ Vect(M). Moreover, it follows from (2.17) that
Integrate this equation to obtain (2.11) and consider the case where ρ t = ρ is independent of t to deduce that the 2-form Ric ρ,J is independent of the choice of the connection ∇ used to define it. That Λ ρ (J, J) is also independent of ∇ will follow from equation (2.12) in part (ii), which we prove next.
To prove (2.12), we use the formulas
for u, v ∈ Vect(M). By (2.20), we have
Here the second equality holds because two endomorphisms Φ and −JΦJ are conjugate and so have the same trace. Thus
for all v ∈ Vect(M). This proves (2.12) and parts (i) and (ii). We prove part (iii). Fix a torsion-free ρ-connection ∇, let τ ∇ Jt ∈ Ω 2 (M) be as in (2.18) , and abbreviate
Part (iv) follows from (ii), (iii), and Stokes' theorem and part (v) follows from (i) and the definitions.
We prove part (vi). The connection ∇ in (vi) will in general no longer be torsion-free. However, since the endomorphism J∇ u J is skew-adjoint for all u ∈ Vect(M), it preserves the Riemannian metric on M and the volume form ρ. In addition it preserves the almost complex structure J because
for all u ∈ Vect(M). Next we compute the curvature tensor of ∇. Fix three vector fields u, v, w ∈ Vect(M). Then
This implies
Thus trace(JR ∇ ) = τ ∇ J and this proves (2.16). Since ∇ is a Hermitian connection, the 2-form trace(
is closed and represents the first Chern class of (T M, J). This proves (vi).
We prove part (vii). If ω is closed then ∇ Jv J = −J(∇ v J) for every vector field v ∈ Vect(M) by [28, Lemma 4.1.14], so the endomorphism v → (∇ v J)u anti-commutes with J and therefore has trace zero. Hence λ
Symplectic complements
The next lemma examines symplectic complements in T J J (M). Part (iv) shows that there is a genuine Marsden-Weinstein quotient in this setting.
Then the following holds.
(i) Let ω ∈ Ω 2 (M) be a nondegenerate 2-form that is compatible with J and satisfies ω n /n! = ρ, let ∇ be the Levi-Civita connection of the Riemannian metric ·, · = ω(·, J·), and define
We prove part (ii). The condition is necessary by equation (2.12). Conversely,
field v by (2.24) and (2.25). Thus Λ ρ (J, J ′ ) = λ and this proves (ii).
We prove part (iii). The condition is necessary by (2.12). Conversely,
Thus J ′ = 0 and so
). This proves (iii). We prove part (iv). The condition is necessary by (2.14). Conversely,
Then L v 0 J = J. Let λ ∈ Ω 1 (M) be any closed 1-form and define
Hence ι(v 0 )ρ is exact and this proves Lemma 2.7.
Scalar curvature
Let (M, ω) be a 2n-dimensional closed symplectic manifold and denote by
the space of all almost complex structures that are compatible with ω. This is an infinite-dimensional Kähler submanifold of J (M) with the tangent spaces
, the symplectic form Ω ρ in (2.6), and the complex structure J → −J J . 
J(∇J).
Define the Ricci form of (ω, J) by Ric ω,J := Ric ω n /n!,J = 1 2 trace(JR ∇ ) and define the scalar curvature by
By part (iv) of Theorem 2.6 the scalar curvature S ω,J in (2.26) satis-
The following result was proved by Donaldson [11] , and independently by Fujiki [15] (in the integrable case) and Quillen (for Riemann surfaces).
Hence the assertion follows from Theorem 2.6.
The integrable case
Let M be a closed oriented smooth 2n-manifold. In this section we restrict attention to (integrable) complex structures that are compatible with the orientation. Denote the space of such complex structures by J int (M).
The Ricci form in the integrable case
Let J ∈ J int (M) and fix a torsion-free connection ∇ on T M with ∇J = 0. Then (T M, J) is a holomorphic vector bundle, the Lie derivative of J in the direction of a vector field v ∈ Vect(M) is given by
and the derivative of the Nijenhuis tensor along a path
. The theorem shows that our formula for the Ricci form of an almost complex structure gives the standard formula in the integrable case. Theorem 3.2. Let ρ ∈ Ω 2n (M) be a positive volume form, let J ∈ J int (M), and let ∇ be a torsion-free ρ-connection with ∇J = 0. The following holds.
(ii) The (1, 1)-form
Ric ρ,J represents the first Bott-Chern class of the holomorphic tangent bundle (T M, J). trace(JR ∇ ) follows from Definition 2.5. Moreover, Ric ρ,J is closed and independent of the choice of ∇ by part (i) of Theorem 2.6, is a (1, 1)-form by Lemma A.2, and represents the cohomology class 2πc 1 (T M, J) ∈ H 2 (M; R) by part (vi) of Theorem 2.6. This proves (i). To prove part (ii), choose a nondegenerate 2-form ω ∈ Ω 2 (M), compatible with J, such that ρ is the volume form of the metric ·, · = ω(·, J·). Let ∇ be the Levi-Civita connection of this metric and define
where A ∈ Ω 1 (M, End(T M)) is the endomorphism valued 1-form defined by
Moreover, the connection ∇ − A is torsion-free and preserves J. Hencē
for all u, v ∈ Vect(M). Here we have used (3.5) and (A.2). Thus ∇ is the unique Hermitian connection on T M with∂ ∇ =∂. The curvature tensor of ∇ is given by
Since J commutes with A * − A by (3.5), we obtain
Here the third equality follows from (3.5) and the fact that the endomorphisms A(Ju) and A(Ju)
* have the same trace, the fourth equality uses the fact that the two summands in v → A(Ju)v = (∇ v J)u + (∇ Jv J)Ju have the same trace, both equal to λ ∇ J (u) (see equation (2.8)), and the last equality follows from part (vi) of Theorem 2.6. This proves (ii).
We prove part (iii). Let φ ∈ Diff 0 (M) such that Ric ρ,φ * J = 0. Then we have Ric φ * ρ,J = φ * Ric ρ,φ * J = 0 by part (ii) of Theorem 2.6. Define the function f ∈ Ω 0 (M) by e −f ρ := φ * ρ. Then
Here the last equality uses (2.11). Since Ric ρ,J represents 2π times the first Bott-Chern class of (T M, J) by (ii), this shows that c 1,
Then by Moser isotopy there exists a smooth isotopy {φ t } 0≤t≤1 of M such that φ 0 = id and φ *
Thus the diffeomorphism φ := φ 1 is isotopic to the identity and satisfies φ
This proves (iii). We prove part (iv). Let φ ∈ Diff(M) be orientation preserving, assume that Ric ρ,φ * J = Ric ρ,J = 0, and define f ∈ Ω 0 (M) by e −f ρ := φ * ρ. Then
Thus f is constant. Since M e −f ρ = M φ * ρ = M ρ, it follows that f = 0 and so φ * ρ = ρ. This proves part (iv) and Theorem 3.2.
Example 3.3. Assume n = 1, suppose M has genus g ≥ 1, define V := M ρ, let K ρ,J be the Gaußian curvature, and define c := 2π(2 − 2g)V −1 ≤ 0. Then the moment map
is G -equivariant and takes values in the space of exact 2-forms. The uniformization theorem for Riemann surfaces asserts that for every J ∈ J (M) there exists a diffeomorphism φ ∈ Diff 0 (M) such that K φ * ρ,J = c and therefore Ric ρ,φ * J = cρ. Moreover, if Ric ρ,J = Ric ρ,φ * J = cρ for some orientation preserving diffeomorphism φ and φ * ρ =: e f ρ, then
For a Kähler potential h : M → R (with mean value zero) denote by ω h := ω + i∂∂h the associated symplectic form and let ρ h := ω n h /n!. The Calabi conjecture asserts that the map h → Ric ρ h ,J is a bijection onto the space of closed (1, 1)-forms representing the cohomology class 2πc 1 (T M, J). Injectivity was proved by Calabi [7, 8] and surjectivity by Yau [42, 43] . 
Then there exists a diffeomorphism φ ∈ Diff 0 (M) such that Ric ρ,φ * J = 0 and φ * J is compatible with ω.
Proof. We prove part (i). By part (i) of Theorem 3.2, Ric ρ,J is a closed (1, 1)-form representing the cohomology class 2πc 1 (T M, J). Hence, by Yau's existence theorem [42, 43] and Calabi's uniqueness theorem [7, 8] , there exists a unique Kähler potential h such that Ric ρ h ,J = Ric ρ,J . Since M ρ h = M ρ by assumption, this implies ρ h = ρ by equation (2.11) in part (i) of Theorem 2.6. We prove part (ii). By assumption and part (i) of Theorem 3.2 Ric ρ,J is an exact (1, 1)-form. Since J admits a compatible Kähler form, this implies that there exists a function f ∈ Ω 0 (M) such that
Hence Ric e −f ρ,J = 0 by part (i) of Theorem 2.6. Now it follows from (i) that there exists a Kähler potential h such that ρ h = e −f ρ. Since ω h and ω are compatible with J, Moser isotopy yields a diffeomorphism φ ∈ Diff 0 (M) with φ * ω h = ω. Thus φ * J is compatible with ω and φ * ρ h = ρ. This implies Ric ρ,φ * J = φ * Ric ρ h ,J = 0 by part (v) of Theorem 2.6. To prove (iii), note that (φ −1 ) * ω is compatible with J and represents the cohomology class of ω. Thus there is a Kähler potential h with ω h = (φ −1 ) * ω. Hence φ * ρ h = ρ and φ * Ric ρ h ,J = Ric ρ,φ * J = 0 by part (v) of Theorem 2.6. Thus h = 0 by Calabi uniqueness, so φ * ω = ω. This proves Corollary 3.4.
The 1-form Λ ρ (J, J) in the integrable case
Then, by (2.15) and part (i) of Theorem 2.6, we have
for all v ∈ Vect(M) and all J ∈ J int (M). This equation can also be obtained by taking the differential on both sides of equation (3.10) below.
Lemma 3.5. Let ρ ∈ Ω 2n (M) be a positive volume form, let J ∈ J int (M), and let v ∈ Vect(M). Then
(3.10)
for all u, v, w ∈ Vect(M). Since the endomorphism ∇ u J v is complex antilinear its trace vanishes. Hence the trace of (∇ J v )u agrees with the trace of the endomorphism Φ(v, u) ∈ Ω 0 (M, End(T M)), defined by
for w ∈ Vect(M), where
Since ∇ is a ρ-connection, the endomorphism R ∇ (u, Jv) has trace zero. Hence Ψ(u, v) has the same trace as the endomorphism Ψ ′ (u, v) defined by
(3.14)
It is convenient to conjugate the first two summands in this expression by J. This operation does not change the trace. Thus Ψ ′ (u, v) has the same trace as the endomorphism Ψ ′′ (u, v) defined by
for w ∈ Vect(M). Differentiating the function f v := trace(∇v) yields
This proves equation (3.10) and Lemma 3.5.
The next lemma examines vector fields v on a Kähler manifold (M, ω, J) such that the section L v J of the endomorphism bundle is self-adjoint with respect to the Kähler metric ·, · = ω(·, J·). For H ∈ Ω 0 (M) the Hamiltonian and gradient vector fields are given by ι(v H )ω = dH and ∇H = Jv H . Lemma 3.6. Let (M, ω, J) be a closed connected 2n-dimensional Kähler manifold, let ρ := ω n /n!, and let v ∈ Vect(M). Then the following holds. 
Proof. We prove (i) and (ii). Let ∇ the Levi-Civita connection and note that (ι(v)ω)(u) = Jv, u for all u ∈ Vect(M). Hence
and so ω(Ju, Ju
for all u, u ′ ∈ Vect(M) and so (3.16) follows from (3.1). It follows from (3.16)
Conversely, the covariant Hessian of F is self-adjoint and hence
Since every symplectic vector field is locally Hamiltonian, this proves (ii). We prove (iii) and (iv). Assume dι(v)ω = 0 and d * ι(v)ω = 0. Since every 1-form λ satisfies
and so dι(Jv)ρ = 0. Also L v J is self-adjoint by (ii) and so is L Jv J = JL v J . Hence by (ii) there exists a function G ∈ Ω 0 (M) such that
This implies d(dG • J) = dι(Jv)ω and hence
Thus G is constant and dι(Jv)ω = 0. This proves (iii). Moreover, by (3.17) we have
This proves Lemma 3.6.
Ricci-flat Kähler manifolds
The next lemma uses the identity (see part (i) of Lemma 2.7)
Lemma 3.7. Let (M, ω, J) be a closed connected 2n-dimensional Kähler manifold, let ρ := ω n /n!, and assume Ric ρ,J = 0. Then the following holds.
(ii) of Lemma 3.6 and hence, by (3.1) and (3.18), we have
Here the last equality follows from 
Proof. The endomorphisms L v H J and L ∇H J are self-adjoint by part (ii) of Lemma 3.6. Hence the identities in (3.20) follow from Lemma 3.5, part (iv) of Lemma 3.6, and equation (3.18) . This proves Corollary 3.8. 
Thus the space {L v J | dι(v)ρ = dι(Jv)ρ = 0} is contained in the kernel of the 2-form Ω ρ,J on T J J int,0 (M) = ker∂ J . In the next section we will prove that this subspace is precisely the kernel of Ω ρ,J and hence Ω ρ does induce a symplectic form on the Teichmüller space
The next lemma is the key to the proof of nondegeneracy in Theorem 4.2. 
by the Akizuki-Nakano Theorem (see [10, page 330] ). This implies ∂ The next lemma shows that every closed (0, 2)-form on a Ricci-flat Kähler manifold is parallel. This is used in Theorem 4.3. We prove that
Since ω 1,1 J = 0 the identity ω ∧ β + ω ∧ θ = 0 follows from (3.21) and part (iv) of Lemma B.2. Second, the Hodge * -operator on the space of (n − 2, 0)-forms is given by * α = cn 2
ω ∧ β, and so ω 2 ∧ α = ω ∧ β. Thus * (β − ω ∧ α) is equal to both c n (β − ω ∧ α) and −c n (β − ω ∧ α) by part (iii) of Lemma B.2. Hence ω ∧ α = β and this proves (3.24) .
We prove that ∇θ = 0. By Lemma B.3 there exists a torsion-free connection 
for all u, v, w ∈ Vect(M) by (3.22) . This implies
for all u, v, w ∈ Vect(M) and hence
and hence (∇ v J)u = (∇ u J)v for all u, v ∈ Vect(M). Thus, by (3.25) we have
for all u, v, w ∈ Vect(M) and so ∇ J = 0. This proves Lemma 3.11. 
This bilinear form is skew-symmetric and has the following properties.
(i) The 2-form Ω J in (4.5) descends to a nondegenerate 2-form on the quotient space (4.3) and defines a symplectic form on T 0 (M).
(ii) If φ : M → M is an orientation preserving diffeomorphism then 
is positive on T [J] T (M, ω) and negative on its symplectic complement.
Proof. Let J ∈ J int,0 (M) and choose ρ, ω, θ as above so that (4.4) holds and
for all v ∈ Vect(M) and all J ∈ Ω 0,1
To see this, let f v and f Jv be as in Lemma 3.5 and let f = f J and g = f J J be as in part (iii) of Lemma 3.7. Then
This proves (4.9) and so the 2-form Ω J in (4.5) descends to the quotient space in (4.3). We prove that the induced 2-form on the quotient space (4.3) is nondegenerate. Fix an element J ∈ Ω 0,1 
The derivative of ι ρ at J is the obvious inclusion of the quotient (4.10) into (4.3). This inclusion is injective because Ric ρ (J, 
A symplectic connection
Fix a closed connected oriented 2n-manifold M and consider the maps
where B 0 (M) denotes the space of isotopy classes of symplectic forms with real first Chern class zero which admit compatible complex structures, i.e. 11) and E 0 (M) denotes the space of isotopy classes of Ricci-flat Kähler structures (ω, J) on M, i.e.
J is compatible with ω, and Ric ω,J = 0
The spaces E 0 (M) and B 0 (M) are finite-dimensional manifolds and the projection E 0 (M) → B 0 (M) is a surjective submersion with fibers T 0 (M, ω). The symplectic form in Theorem 4.2 gives rise to a closed 2-form on E 0 (M) which restricts to the canonical Kähler form on each fiber, and hence gives rise to a symplectic connection on E 0 (M) as in [28, Chapter 6] . 
which assigns to every closed real valued 2-form ω ∈ Ω 2 (M) an infinitesimal almost complex structure
14)
for all u, u ′ ∈ Vect(M), and
, and every orientation preserving diffeomorphism φ : M → M . (iv) The curvature of the connection A is a Diff 0 (M)-equivariant 2-form on S 0 (M) with values in the space of smooth functions on the fiber T 0 (M, ω). It assigns to every ω ∈ S 0 (M) and every pair ω 1 , ω 2 of closed 2-forms on M the Hamiltonian function H ω; ω 1 , ω 2 : T 0 (M, ω) → R given by
for J ∈ J int (M, ω) with Ric ω,J = 0, where the 1-form
(See the proof for the notations * J and ι(J) ω.) The Hamiltonian vector field on T 0 (M, ω) generated by this function is the vertical part of the Lie bracket of the horizontal lifts of two vector fields on B 0 (M) that take the values ω i at ω (see [28, Lemma 6.4.8] ).
Here the third equality holds because J = J * . Since Ω J descends to a nondegenerate 2-form on the quotient space ker∂ J /im∂ J , there exists a vector field v ∈ Vect(M) such that L v J = J. Since J = J * , it then follows from part (ii) of Lemma 3.6 and part (i) of Lemma 3.7 that there exist smooth functions F, G : M → R and a vector field v 0 ∈ Vect(M) such that
by Corollary 3.8, hence F and G are constant, so J = L v 0 J = 0. This proves uniqueness.
To prove existence, assume first that
this shows that J satisfies (4.14). Moreover, it follows from Theorem 4.
Thus J satisfies (4.16). That J also satisfies (4.15) follows from part (i) of Lemma 3.6.
Second, assume ω is a harmonic (1, 1)-form. Then the function ω, ω is constant because * ω = ω, ω
. Thus J = 0 is the unique solution of (4.14), (4.15), and (4.16).
Third, assume ω is a closed 2-form such that ω 1,1 J = 0. Then there exists a unique 1-form J ∈ Ω 0,1
. Thus J + J * = 0 and so J satisfies (4.15) and (4.16). Moreover ∇ J = 0 by Lemma 3.11 and so∂ J J = 0 and Λ ρ (J, J ) = 0 = ω, ω . Thus J also satisfies (4.14).
To prove existence in general, let ω ∈ Ω 2 (M) be any closed 2-form, choose
Thus there exists a unique J 0 ∈ Ω 0,1
, and it follows from the above that J := J 0 + L v J satisfies (4.14), (4.15) , and (4.16). This proves parts (i) and (ii). Part (iii) follows by combining the uniqueness statement in part (i) with part (v) of Theorem 2.6 and part (ii) of Theorem 4.2.
To prove part (iv) we must verify the second equality in (4.18). Fix a symplectic form ω ∈ Ω 2 (M) with real first Chern class zero, denote by ρ := ω n /n! its volume form, and let ω 1 , ω 2 ∈ Ω 2 (M) be closed. Let J be a complex structure on M that is compatible with ω and satisfies Ric ρ,J = 0, and denote by * J the Hodge * -operator associated to the Kähler metric ·, · = ω(·, J·). Then there exist 1-forms (3.17) and the second equation in (4.19) .
Hence it follows from the explicit formula in the proof of part (i) that 20) for i = 1, 2 and u, u ′ ∈ Vect(M). We will use the equation 
Here we choose a Hermitian line bundle L → M , a Hermitian connection ∇ L on L, and a section θ ∈ Ω n,0 Since J i is skew-adjoint, part (iii) of Lemma B.2 asserts that there exists an
J is closed, it now follows from (4.21) and (4.22) that
This proves (4.18) . The right hand side of (4.18) depends only on the cohomology classes of ω 1 and ω 2 . Hence it is invariant under the action of Diff 0 (M) ∩ Symp(M, ω) on J, because φ * ω i − ω i is exact for φ ∈ Diff 0 (M). Thus it descends to a function on T 0 (M, ω). This proves Theorem 4.3.
The connection on E 0 (M) is determined by the differential equation
The solutions of (4.23) are Diff(M)-equivariant in the sense that, if t → φ t is a smooth isotopy of M and t → J t is a horizontal lift of a path t → ω t in S 0 (M), then t → φ
A Torsion-free connections
Let M be an oriented 2n-manifold. We prove that a nondegenerate 2-form on M is preserved by a torsion-free connection if and only if it is closed, and that an almost complex structure on M is preserved by a torsion-free connection if and only if it is integrable. We use the sign conventions
for the Lie bracket and
for the Nijenhuis tensor. If ∇ is a torsion-free connection on T M then
Lemma A.1. Let M be a 2n-manifold. Proof. We prove part (i). If ∇ is a torsion-free connection with ∇J = 0 it follows directly from (A.2) that N J = 0. Conversely suppose J is integrable and let ρ be a volume form on M inducing the same orientation as J. Fix a background metric g on M. Then g J := g + J * g is a metric with respect to which J is skew-adjoint, and if dvol J ∈ Ω 2n (M) is the volume form of this metric then the metric g ρ,J := (ρ/dvol J ) 1/n g J has the volume form ρ. Let ∇ be the Levi-Civita connection of the metric g ρ,J . Then ∇ is torsion-free and ∇ρ = 0. Let α(u) := 1 2 trace(J(∇J)u) and define
Then ∇ρ = 0, ∇J = 0, and a calculation shows that Tor
N J , so ∇ is torsion-free if and only if J is integrable. This proves (i).
We prove part (ii). If ∇ torsion-free and ∇ω = 0 then
Conversely, suppose ω is a symplectic form and choose an almost complex structure J on M that is compatible with ω, so ·, · := ω(·, J·) is a Riemannian metric. Let ∇ be its Levi-Civita connection. Then
for all u, v, w ∈ Vect(M) by [28, Lemma 4.1.14]. Define
This connection is torsion-free and satisfies JA(u) + A(u) * J = ∇ u J for every vector field u ∈ Vect(M) by a straight forward calculation. Hence
for all u, v, w ∈ Vect(M). This proves Lemma A.1.
Lemma A.2. Let M be an oriented 2n-manifold, let ρ ∈ Ω 2n (M) be a positive volume form, let J ∈ J int (M) be a complex structure compatible with the orientation, and let ∇ be a torsion-free ρ-connection such that ∇J = 0.
Proof. Since ∇ is torsion-free, R ∇ satisfies the first Bianchi identity. Thus 
Thus ρ is a positive volume form on M and this proves Lemma B.1.
, and so β ′ = β. This proves (i).
We prove part (ii). Thus let β ∈ Ω n−1,1 J (M, L) be given. Then for every vector field u ∈ Vect(M) the (n−1)-form iι(u)β − ι(Ju)β is of type (n − 1, 0) and hence can be written in the form ι(v)θ for some vector field v ∈ Vect(M) that is uniquely determined by u. This shows that there exists a unique section J ∈ Ω 0 (M, End(T M)) of the endomorphism bundle that satisfies (B.4) for all u ∈ Vect(M). By (B.4) we have
for all u ∈ Vect(M) and thus JJ + J J = 0. This proves (ii).
We prove part (iii). It suffices to consider the trivial line bundle and the standard structures on R 2n with the coordinates x 1 , . . . , x n , y 1 , . . . , y n . They are given by
where z i := x i + iy i for i = 1, . . . , n. A complex anti-linear endomorphism has the form
The next lemma adapts an observation by Donaldson in [13, Lemma 1] to the present setting.
Lemma B.3. Let ρ be a positive volume form and let J ∈ J (M) be a positive almost complex structure such that c 1 (T M, J) = c 1 (L) ∈ H 2 (M; Z). Then the following are equivalent. (i) J is integrable.
(ii) There exists a nowhere vanishing n-form θ ∈ Ω n,0
and there exists a torsion-free connection ∇ on T M that satisfies ∇θ = 0 and ∇J = 0.
Proof. We prove that (i) implies (ii). By Lemma B.1 there exists a nowhere vanishing (n, 0)-form θ ∈ Ω n,0
J (M) because J is integrable and hence there exists a unique 1-form η ∈ Ω 0,1
is any other pair as in (ii) then there exists a unique unitary transformation g : M → S 1 such that
Hence α 0,1 = g −1∂ g and so α = g −1∂
J g −ḡ −1 ∂ Jḡ = g −1 dg because g −1 dg is a 1-form on M with values in iR. Thus
and this proves uniqueness up to unitary gauge equivalence.
We prove that (ii) implies (i). If θ ∈ Ω (f − ig) in the notation of part (iv) of Lemma 3.7.
Proof. Fix a torsion-free connection ∇ such that ∇J = 0 and ∇θ = 0. Next define the covariant Lie derivative of α ∈ Ω k (M, L) in the direction of a vector To prove (B.17), define α u ∈ Ω n (M, L) by
for u ∈ Vect(M). We will prove that, for all u, v ∈ Vect(M), for all u, v ∈ Vect(M). Moreover,
for all u ∈ Vect(M) by (B.4). With this understood, we obtain Here the first equality follows from (B.24), the third from (B.4), and the fourth from (B.23). This proves (B.22) and (ii).
We prove part (iii). Since i∂
